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A Asymptotic Proofs

A.1 Preliminary

First, recall that V7 1, Vivr 2 are the r x r diagonal matrices of the first r largest eigenvalues
of the matrices 7+ X1X; T and = X2X J respectively. The estimated factor matrices Fl, F2
are /11, +/T times the eigenvectors corresponding to the r largest eigenvalues of X; X

and X, X, respectively. We therefore have for m = 1,2

1
NT,,

XX Fr = EpVrm. (A1)
Let dy7 = min {\/N, \/T} Using X, = FmA; + €(m) gives:

1 8 N
T (FaAp A Foy 4+ Fn\ el + ey AmEy + €6y €0my) FnVierm = Fin. (A.2)

Following Bai (2003) and defining the normalization bases as H,,, = <A;Am> (F’" F’") VaTm

for m = 1, 2, we have:

_ 1
Fon = FnH =7 (F Al P + €omAmFy o+ €yl ) Vichns (A3)

f HTft VNYI“m ( me S’YN S, t Lmt + Z.fm sCstht (A4)

1 Ry
ZT Z m,snm,stbmt + ﬂ ; fsfm,sthnt) )

where Cst - L]\ft - fVN(S7t)7 Nm,st = fSTA;Let/N and gm,st = ftTA;,zes/N‘

We first present some lemmas from Bai (2003).

Lemma 1. Form =1, 2:

(a) Under Assumptions 1 to 4 and 8, ﬁ Zle

(b) Under Assumptions 1 to 4 and 8, + SV
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(¢) Under Assumptions 1 to 6 and 8, ﬁ(F — FoHy) " emi = O, <$)

(d) Under Assumptions 1 to 6 and 8, 7~(Fy, — FynH,,) Fp = O, <L>

T

(e) Under Assumptions 1 to 4 and 8, ||Hy| = O, (1).

(f) Under Assumptions 1 to 4, 7 and 8, phm( ijiF’"> = H&%, where we define V,,, as a
diagonal matriz with the eigenvalues of EA@EFME}Q, and Y, its eigenvectors such

that Y} Y, = I, and Hy = E}\{iTmVV}/Q form=1,2.
(9) Under Assumptions 1 to 6 and 8, 7 \F(F — FpH,y)T SN emi=0, (52 )

Lemmas 1 (a) and 1 (c) to 1 (f) are the subsample counterparts of Lemmas A.1, B.1,
B.2, B.3, A.3 and Proposition 1 of Bai (2003) respectively. Lemma 1 (b) follows from
Lemma 1 (a) via symmetry. Lemma 1 (g) is nearly identical to Lemma A3 of Han (2015),
and can be proven very similarly.

For ease of notation, let F (no subscript) denote the subsample factors joined together
without any rotation, i.e. []:T, F’QT} T [flt, s Fupary foaT ety sz] T. Accordingly,

let H, be Hy or Hy, fort =1,...,|nT|, for t = |#T| +1,...,T, respectively.

Lemma 2. (a) Under Assumptions 1 to 4 and 8,

il 1
wES[71rl1p7T2] ; ( HLft) ftT = (%) ’
o T T 1
o e Py (o= i) A =0 (W) |

(b) Under Assumptions 1 to 4 and 8,

7T
1 - 1
sup (ft — H, ft) eit|| = O <—) )
wE([m1,m2) |_7TTJ ; ! g 5]2VT
1 T 1
sup 1 N\ (ft - ijt) € - O <_)
wE[m,m2] (1 - ﬂ-)T t—;—i-l ! ' P 5]2VT




(¢) Under Assumptions 1 to 4 and 8,

7TT N
1 1
sup f - HLTf €; - O (_) )
welm || LT T] VN ;< ) 2o =% (&7,
T N
1 r 1
sup fi—Hf E el =0 (_)
melm ] L(l - W)TJ v Nt:;—i-l( t ! t> i=1 : b (512vT

Proof of Lemma 2 (a).
This is Lemma 3 of Han and Inoue (2015), but with the subsample PC estimates instead,

and can therefore be proved very similarly. [ ]

Proof of Lemma 2 (b).
We shall focus on the first part of this lemma, as the second part can be proven very

similarly. First, notice that

T 7T
1 < T 1 . T
SUP (ft - H, ft) eit|| < sup (ft - H ft) €it
m€[m1,m2] LWTJ Z ! m€[m1,m2) LWTJ Z '
1 7T ~
+ sup <f2,t - HTft) Eit |5
TE[m,m2] LWTJ tzl 2

where it suffices to focus on the first term, as the second term can be proven very similarly.



It follows from Equation (A.4) that

7T

1 ~
—HT > ;
e LWTJtX;(ft ) e
T T
= Sup ( Zz.flsgstezt
mE[my,mo] t=1 s=1 t=1 s=1
' T Tl T
QZZflsnstezt+ 222f15§3t62t>
t=1 s=1 t=1 s=1
' T ol T
g( o zzflmsten T = N
mE[m,m] t=1 s=1 mElm,me] t=1 s=1
T T Tl T
+ sup ZZfl sTs,t€it Sup ZZfl sgstezt ) HV]\71111H
TE[m,m2] =1 s=1 7r€7r1 ;2] t=1 s=1
=V+VI+VII+VIII.

The first term V' can be split into

7T | 7T |
V= sup 2 Z(fls H fs)’YN(S t)ezt_'_ HTZZfszNStezt
mE[my,mo] ( t=1 s=1 t=1 s=1
VIV

IA
>1|,_.
ﬂ‘H

N
N =

]~

E(V.IT) <

t=1 s=1

IN

) 1/2 1 |=T| T 1
2 2
| N ES 9 SENAIES o

|=T] 1/2

mE[m1,m] t=1 s=1 =1

1/2 T T 1/2
) <%ZZ|7N(3=t)|2%Ze?t>

t=1 s=1 t=1

=T T
1
_E( s L33 b0l (119" ) (B2)”
1



The second term VI can be decomposed as

[»T] T [=T] T
Vi sw o S5 (fuam HR) Gocut ] 3237 o
refmim) || (T t=1 s=1 t=1 s=1
=VII+VIII
1/2 1 T 1 7T | 2\ /2
VII<_ Z’fls HTfs sup TZ T Cstezt 3
mE[m1,me] s=1 t=1

T N
sup —== = > > > fi (ersert — Elersen)) en

1 1 1 1 XX
: W_% TNT TN Z Z Z fs (ensert — E(ersert)) e



The third term V' II can be decomposed as

=T T =T T

VII = sup 222<f15 H, fs) nst61t+ ZZH fsnsten
7T€[7f177f2] 7TT =1 s=1 t=1 s=1
—VIII+VIILII,
1 (1 & i 1L 1 "\
- 2
VILI< — | = HfLS —HTF, sup | = =5 e
i (Tz; 1 aw\r\r s
1/2 7 2\ 1/2
<zleXlhe-mal) (7272
S5 | 7 s s ol T stCi
_W% Ts:l 1 ' Ts:l Tt:lnt t

T
1 1
VILII< — swp H] (TZfsz)
1

The negligibility of VIII can be proven in a similar way to V' /1. Combining the asymptotic

orders of V., VI, VII, and VIII proves the lemma. [ |

Proof of Lemma 2 (c).
We shall focus on the first part of this lemma, as the second part can be proven very

similarly. Similarly to the proof of Lemma 2 (b), notice that

7T N T N
1 ~ T 1 ~ T
sup —— <ft - HL, ft) €it sup - (ft - H ft) €it
refm,ml|| [7T] VN ; t ; weim ml|| 7T VN ; 1 ;
1 7T ~ N
s N oS (o= L) D e
71'6[7‘(1 7r2] LWTJ \/N ; 2 ;




where it suffices to consider the order of the first term. It follows from Equation (A.4) that

|7T|
| 871:11 . |_7TT Z (ft H, ft) Zelt
1 |=T] T InT] T N
_ Ly -1
77res[71r,1}7)7r2]7_r VNT,l \/— ; ; fl s’}/N S, Zf Z €t + \/N 2 ; 1,5Cs,t ; €t
[=T] T I<T) T
; ;fl snstzezt \/N - ;fl,ses,t;ezt

<| sw Z > fra(s,t) Z el + sup +\/N DD fuowst) Y ea

7'('6[7r177'r2] 7TT =1 s=1 7r€[7r1,7r2] (WT)

=T T [=T] T
1 _
5 t) ; e s b i
Weszpm] T \/—;;fl v (s, Zet Wes:rllpm] (WT)Z\/N;;JCL YN (s );m
|| Vaza |
=IX+X+XI+XII.

The first two terms are O, (%), where the specific proof is almost identical to that
NT
2
of Lemma 2 (b), only that Fe? and %ZtT:l eZ are replaced with F (JLN SV eit> and

2
%Zthl (\;_N SV eit) , respectively. The third term X7 can be decomposed as

| 7T |
XI = sup f1 ST Ae €t
7r6[7r17r2]N 2;; \/_Z
1 T T 1 N
< NTQZZ Lsfs A1€t\/——Z€zt
s=1 t=1 i=1
1 K1 & 1
:O 1 A i + A %
p(><TN;<\/N; 1k€kt€t> TN\/N;i_l < 1k€kt€t)
1 1 1
—o,0) (0, (=) +0,(—=))=0 .
(0 (5) <0 (7)) - (5vm)



The term X 11 can be decomposed as

[T)

T
1
XII = sup f1s€ A fi——= Cit
7r€[7r17r2 ’/TT2;; \/Nizzl:
| X
T T
= sup H) fse, Mifi—= > e
7r€[7r17r2 25 1 t=1 N;

T T N
1 ~ 1
T — ( S—HTS>eSTA — S e
p WTQZZ fis—Hf mm; ,

7r6[7r1,7r2]N< ) s=1 t=1

=XII.1+XII.II,

T N

T2 j—zen

=1

XIII< = \/_H\/_ ZZHTfsezt)\

=1 s=1
1/2

IA

1 21 al
=0 Z 17 Z 7 - Z

1|1 . 1~ 1 &
XILIT < o523 = ft)( stﬂ f;fw—ﬁgeu
, . o\ 1/2
<ﬁ(fz‘fls HTfs ezs

L (op (%) 0, <1>) 0,(1) = =0, (%) ,

Combining the asymptotic order of X, X, XI and XII proves the lemma.

A.2 Consistency Proofs

Proposition 1. Under Assumptions 1 to 8,

(a) HZ - HlTZHZ‘TH ~0, (L)

2
5NT

(b) sup

wE([m1,m2)

2tz =0 (7).
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Proof of Proposition 1.

We begin by proving Proposition 1 (a). By the definition of Z, we have:

7 (Am)‘l AT,

1 1 /-~ T1 /-~
L () L ().
T

NVA?%’lﬁ

IO <\ | o~
because for m = 1,2, A} A,,/N = Vyr,,, by eigen-identity, and A}, = (FlF) F'X,, =

ﬁfﬂ X, via a least squares fit. Therefore

~ _ 1
Z :le;lm

1
L /o —
NT,1 NT1T2

- - - - - T
(FlT FA] + BT 61> (FJ BZTAT + B BWT + B e(g))
(ﬁfplAfeg)FQ + F A WE By + F) F AT A ZF) By

+ F;e(l)eé)ﬁg + FlTe(l)WFQTFQ + Fjl—re(l)Ale;ﬁg)

=21+ ZI1+ZIII+ZIV+ZV +ZVI.

The first term is negligible because

- F;—FIAIQE;)FZ

NT\T,
_ FlTFlAlTBE;)(FQ - FQHQ) n FlTFlAlTC(TQ)FgHQ
T'NT T\NT,
Fl—rFl Aire?;) FQ — F2H2 Fl—rFl AI@E;)FQ ||H ||
S |VER|| T VE Lol N |t

=0,00, (=) 0, (5 + 0,10, (5 ) 0

1
=0 (%)’

because of Lemmas 1 (d) to 1 (f) and Assumptions 1, 3 and 6 respectively.
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The second term is negligible because

ZI]:FTEAﬁVEﬁ%:O
‘ T, N T, ’

Ag\,w = 0. Note that we can optionally loosen this condition to A{f W/N = O, (%),

without affecting the O, (52#) consistency result for Z.
NT

The fourth term is negligible because

S Nﬂ%
_ (F1 - F1H1)T e(1)6(T2) (FZ — I H,y) n (FlH1)T 6(1)6?2) (F2 - F2H2)+
T1 N T2 T1 N T2
(Fl — FIHI)T 6(1)6(T2) (FyH>) i (FlHl)T 6(1)6(T2) (F>H))
Tl N T2 T1 N T2

=ZIVI+ZIVII+ZIVIII+ ZIV.IV.

Analysing each of the four terms above, we have:

- mH) ||| ewme P RH
1zvia) < | ¢ L ) |‘\/T_(11)¢%NH ( -k )
=00 () () 0 (5z) = ()
(FLH) ||| eme Fy — F,H
HZJVJ]Hg“ ! 1‘qu%;7évn( 2v7£ 2)
0,00, (5-) 0. (55) =0 ().
F\— FH e)e, H.
|ZIV.III| < (1Mf ) «%%&%NHW 2 H3)
_O (&iT) Op (ﬁ) Op(l):Op (ﬁ)a
|Z.IV.IV|| < |[H] LL]V) . j_ A

0o () (H)om-o (L)

12



by Lemmas 1 (e) to 1 (f) and Assumption 6. Therefore, Z.IV = O, (6%)
NT

The fifth term is negligible because

AT F 6 WF F2
Tl N Tg
< (Fy = B H) (||| eW ||| F5 B2 HHH W FTF2
- VTi Til|| T2

-0, (5 )0 () o0+ 0,00, (%) 0, (1)

1
:%G%)

by Lemmas 1 (a), 1 (e) and 1 (f)

€( )W o 1 .
| =0 (J)
implied by Assumption 2, because |W|| = ||A2 — A1 Z]| < [|As]].

The sixth term is negligible because

F ey Z F)

LZVI = —
v . N T,
oo T FT A T
< (BB | ety | PRy gy | B ) B2 P

=0, (52-) 0 () 000,040,000, (5 ) 0,1 0,1

1
:%G%)

by Lemmas 1 (a), 1 (e) and 1 (f) and Assumption 3, and because ||Z]| < oo is implied by
Assumption 2.

Therefore, combining the terms above together, we have:

- FTF ATA FTE 1 1
_ 11 11 1AM 2 12 L
( ; >< )1 ) )

13



where the last line follows from the definition of H;, and the fact that

F2H2+F2 FyHy = F2

1 1
B FyHy 4 — z — R <F2 FQHQ) — 1

Ty
1 1
— ) BHy, =1, + 0,
BT (6N>
1 1
—F FE=H;"+0, .
T, * ((5]2\7T)

Rearranging and taking the norms of both sides yields the proof.

For Proposition 1 (b), we have

7 HlTZHgTH = sup (ZI+ZII+ZIV+ZV +ZVI).

mE[m1,m2]

sup
TE[m,m2]

The supremums of Z.I, Z.1I, Z.1IV, Z.V and Z.VI can all be proven to be O, (52 ) in a
NT

very similar way. |

The consistency results for Z allows us to extend Lemma 1 to the case of the rotated

factors in the second subsample.

Lemma 3. (a) Under Assumptions 1 to 4 and 8,

.- 2 1
| |2 - RZTH|| =0, (5
(1—7T)TH 2 2 1) P\&%, )
sup ;HFZT—FZTH)HQ—O (L)
776[7r1,7r2](1 - W)T ? ’ ' g 5]2\7T ‘
T
(b) Under Assumptions 1 to 6 and 8, <FQZT FQZTH1> e, = Op (5%;\/?)’

Lo T
(¢c) Under Assumptions 1 to 6 and 8, % <FQZT Y AN: I

~—
&
Il
RS
~/~
>
2N =
S
~—

Proof of Lemma 3.

14



For Lemma 3 (a), we have

~ T ~
HFQZT FQZTHlH - I (Z —H/ ZH;T) + <F2 - FQHQ) (Hy zHy ") — B2 H,

o () on

where the last line follows by Proposition 1 and Lemma 1 (a). Squaring both sides proves
the result.

For Lemma 3 (b), we have

- T . 1 ~
7' — H{lZT]-h) E 2),i T THlTZHQ_T(PE — F2H2)T€(2),i

1

(ﬁg — FQHQ)Te(Q),i i FQTQ(Q),’L' =
T

< a T T
o (@)l (5) o ()]
(5)

For Lemma 3 (c), we have

H ZHy (Fy — FyHy) e

(FQZTFQZ H1> F
- - T
[Fg (ZT - H;lzTHl) +(Fy— FQ)sz—lzTHl] £y

. . 1 . T
(27— Hy' 2T i) B Fy + ZH] ZH; T <F2 - FQHQ) P

(&)

I
SO Hi= HIH’ﬂl

Next, present some lemmas necessary for the proofs of the Z and W-tests.
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Lemma 4. Form =1,2:

(a) under Assumptions 1 to 4 and 8,

)

LS (2w <o ()
T, G, I\ P\5%r )

B 4
(b) under Assumptions 1 to 4 and 8, ﬁ Zthl Hfm’t Ut

-~ 4
- Op (1)7 and %2 Z?zler+1j HZf2,t

Op (1),

(¢) under Assumptions 1 to 8, ||[Hpy — Hpmpll = O, (L>

ONT )’

(d) under Assumptions 1 to 4 and 8, + SN M Ami — Hi A

—o,().

Proof of Lemma 4.

Lemmas 4 (a) to 4 (c) are just the subsample counterparts of Lemmas 5.1), 5.ii), 5.iii) and
6 of Han and Inoue (2015), but with the addition of the use of the rotated set of factors.

The second part of Lemma 4 (a) follows by

R . 4

= X |@h-nlzR)

2 i |aT+1)

1 d ~ ~ 4
—= > |2 (fe - m )+ (2 - mzEy T H 1|

2 7T+

<HZ

11 - v To* 5 T _7| 1 - T |14
T > ‘f2t_H2ft +HZ—H1ZH2 HE > =

o P
o ()

using Assumption 1, Lemma 1 (a), and Proposition 1.

The second part of Lemma 4 (b) follows by the fact that Z = O, (1).

16



Lemma 4 (d) follows by symmetry from Lemma 4 (a).

A.3 Z-test Proofs

~

Define the long run variance estimate of the Ay <7T, ﬁ) as §Z (7r, ]/5) = %QZ“) (7T, F) +

ﬁﬁ 7,(2) <7r, F ) , a weighted average of the variance from pre and post break data (m = 1,2

respectively):
T —1 :
~ ~ N N J ~ N N ~\ T
Uy (1 F) = oo (7 F) + 30 k(52 ) (Foms (7 F) + s (. F) ), (A5)
j=1 anL
~ ~ 1 & ~ ~ T
Py (m F) = = > veeh (R = 1) vech (Rf) —1.) (A6)
i=jt
~ ~ 1 T R R -
L), <7r, F) =7 Z vech (ftﬁr — [r) vech <ft]/”? — I,,> , (A7)
2 =T +1

where k(.) is a real valued kernel.

The proof of Theorem 3.1 requires proving the following lemmas:

Lemma 5. (a) Under Assumptions 1 to 8, if ‘/TT — 0, then

2.

sup ||Az (W,ﬁ’) — Az(m, FHo,)

wE[my,m2)

(b) Under Assumptions 1 to 8, and if the conditions in Assumption 9 hold, then

§Z (7’[’, ﬁ) - §Z(7T7FHO,1>H £> 0.

sup
mwE[my,m2]

Proof of Lemma 5 (a).
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Taking the supremum of the norm of Az <7r, ﬁ’) — Az(m, FHy,), we have

sup ( ) (m, FHy )
mE[m1,m2]
[T
= sup ||vech thft Z ftft
m€lmima r,_ |7 T+1]

T

(1 . 71') Z H(IlftftTHO,l
t=|7T+1]

1 1
= vech VT 7T ; Hy fof) Hox —

Because ﬁ is consistent for H,' f;, and H; is consistent for Hyj, it suffices to prove that

Azl = sup VT

n T £
( L o ftft Zt:LTrT+1j ftft )
vech _

TE[m1,m2] 7TT (1 — 7T)T
™ T
et [ S H STy Yy B
T (1—m)T ’

and

Ay Il = sup VT

™ T
vech (Zt VHTARSTH Y e HletftTH1>

7TE[7T1 71'2] 7TT (1 — 7T)T
_ vech ZLWTJ HT1ftftTH0,1 _ ZtT:prTHJ H(IlftftTHO,l
T (1—-m)T ’

are both 0,(1). The first term A.I is bounded by

Ay I< sup VT

7| vech (ZWJ fify - HTftfle) H

wE[m,m2) T
T Te T
— H,| H
+ sup VT||vech Zt [rT+1) ftft foby Hy
me[m1,m2] (1—-m)T

We focus on proving that the first term is o0,(1), as the second term can be proved very

18



similarly. The first term is bounded by

sup VT |vech ZWJ<f4ﬂmﬂwwﬂM—mmﬁm>H
wE[m,m2] T
= sup VT ||vech ZLWTJ ft(ﬁT HTft) (J?tT ftHl)ft Hl) H
wE[m1,m2] T
~ up VT |vean [ 2L = HI AT = £ H) + HIT folFi = fTHY) + (o= HT ft)ftTH1>||
wE[m1,m2] ™
< SUP (HEDLWTJ HTft)(ﬁT ftTHl) ZLWTJ H;—ft(ﬁr - ftTHl) ‘)
wE[m1,m2] 'l T
() ol
NT NT
=0p(1)

as \/TT — 0, where each of the terms on the second last line are O, (52@> by Lemma 1 (a).
NT

Next, Az.II can be bounded by

|| S HT ATy~ H AT Hoy Sy B H = HOu L Ho
TE[m,m2] A (1 — 7T)T
s V| L = Hon) if Hy o+ HYfef (= Hoo)
TE[m,m2] T
B Zt=|_7l’T+1J (Hy — Hop)' fof Hi+ Hy \ fo ' (Hy — Hop)
(1—m)T
PR ey ff
<VvT|H, — H tJt t=|rT+1] JtJ1 q I
_\/_H 1 0’1||7re?71rl},)7r2] T 1—n7T ([H [ + [ Ho,ll)

=VT0,(1)0, (%) Op (1),

because we use Assumption 8 (b) and ||H; — Hp1|| = 0,(1) which is implied by Assump-

tions 1 to 4 and 7 (see Bai (2003)). |

To prove Lemma 5 (b), we need to prove the following lemmas first.

19



Lemma 6. Under Assumptions 1 to 5, form =1,2:

sup sup “f(m)’j <7r,]3> — f(m)J(ﬂ', FHy)

m€[my,m2]0<j< 7T -1

1
=Or (5—)

Proof of Lemma 6.

We shall focus on the case of m = 1, as the case for m = 2 is analogous and thus omitted.

sup sup
me[m1,me]0< < | 7T | -1

f‘(l),j <7T>ﬁ> - f‘(l),j(mFHl)

LT('TJ T
< sup sup - Z vech (ftfj - [r> vech (ftfjﬁij - L”)
w€[m,m2]0<j< | 7T | -1 T t=j+1

— vech (HletftTHl — ]r) vech (Hfft_jftT_jHl — IT)TH

7T
1 2T > AT
< sup sup — t:]ZH Hvech <ftft - Ir> vech <ft_jft_j - Hlet—jftT_jH1>

relm,me)0<i< |7 T —1

(7]
1 -
=% Hvech <ftﬁ _ Hfftfjm) vech (HY f,_; £ Hy — [T)TH

t=j+1

full

FiesFL = BT fos

| ey
<sw o ap LY
m€[my,m2]0<j< (7T | -1 T t:zj;rl

[T

LT
1 -~ 1 ~
=D D [ATAREY: A A S S TR AT A A [ T A A
t=j+1 ™S
1 | 7T | .
T T
+ﬁt;17’ fjfj — Hy fify Hy

=I'’ T+ II+T.IIT+T.1V.

20



We proceed by bounding Term I'.1:

'l = sup sup
7T€[7T1 7T2]0<j<L7TTJ 17TT

O o FL, — HY fos £ H

1/2

< sup sup
w€[r1,m)0< < 7T | —1 A

1/2
LT) 2
x| > ’ fi—j <ﬂjﬁ£jH1) + (ftfj - Hletfj) i
t=j+1
1/2
< sup sup

melm m)0<j<(aT)-1 \ 7T )

o i )+ 2 52 G )
B
9 T

o)

under Assumptions 1 to 5, where & Zt 1 ‘

IN

=S

o s )

4
— H f,

T
= ||ftH1H4>
t=1

Ji
arguments, terms I".JI, I".J1I, and I'.JV can be shown to be O, (T_1/4) +0, (\}_ﬁ) [

= 0, (1) by Lemma 4 (a). Using similar

Lemma 7. Under Assumptions 1 to 5, form =1, 2,

sup sup f‘ g (m FpHy) — Fm7j(7r,FmH0,1)

me[m,m2)0<j<|nT | —

1
-0, (5-).

Proof of Lemma 7.

We shall only prove the lemma for m = 1, because the proof for m = 2 is similar and thus
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omitted.

sup sup ‘ IAHJ«(W, FHy)— IAH,J-(W, FHy,)

m€([my,me]0<j<|nT'| -1

[T
1
= sup sup T Z [Vech(HletftTHl — I,) vech (Hlet_jftT_jHl — IT)

m€[my,me]0<j<|nT'| -1 t=j+1

— vech (H(—)ljlftftTHO,l — IT) vech (H(—)ljlft_jft—inO,l - Ir)Ti| H

L)
< sup sup Z HHTft HlHHHfft—jftT—jHl_H()T,1ft—jftT_jH071||
m€[m1,m]0< <7 T | —1 t J+1
L)
+ T Z HHlet—jf;jH1 _H(;l,—lft—jft—[jHOJH—i_
t=j+1
1 0
—= D ||| (Y Juf T Hy = Hyy o) Hoa|+
7TT =4
=T
e S T = S o[ s o
t J+1

=V +T'VI+T.VII+T'.VIII.

Term I'.V is bounded by:

|#T)
1
V= sup sup Z HH1TftftTH1HHHlet—jftT—jHl — H(Ilft—jfttho,l}|

w€[my,m2]0<j<| 7T |— lﬂ-T t=j+1

T 1/2
1
sup ( ZHftH1H> <7T—T(HH1H2+HH0,1H2)ZHftH4) [H1 — Ho,|

7r€[7r1 2] t=1
1
= Op (1> Op 5_
NT

by Assumption 1 and Lemma 4 (c). The proofs of terms I'"'VI,I'."VII, and I""VIII are

similar and thus omitted. |

Proof of Lemma 5 (b).
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It suffices to show that

sup sz <7T, ﬁ) — sz (7T,FH071)H 20, for m=1,2.

wE[m1,m2)

For brevity, we will only prove the case for m = 1, as the case for m = 2 can be proved

similarly. First, see that

sup ﬁZ,l <7T,ﬁ) _QZ,l(ﬂ',FHO,l)
mE[m1,m2]
< sup QZ,l <7T, ﬁ) — QZ,1(7T, FHy)||+ sup QZ,l (m, FHy) — QZ,1(7T, FH0,1)H
wE[m,m2] wE[m,m2]
=Qz. 1+ Q711

For the term 4.1, we have:

sup QZJ (W,ﬁ) —szl(ﬂ, FHy)
wE([m,m2)
|7T| ~ R ~ T
< sup F ( ) + Z k ( > <F(1)’j (7r, F) + Ly, <7T, F) )
mE[m1,m2] 7rTJ

LT)

—F(l)o’]TFHl Zk(

t=1

bL - ) <F(1) (71' FHl)—i-F() (W,FHl)T)

Recall that [k ()| < 1 and k (5-2-) = 0if j > bl for the Bartlett kernel. Thus,
7T =T

birr)
Oyl < sup ||Tho <7TF) Do FH)| 42 swp Y ‘Fl,j <7TF) — T\ ,(m, FHY)
wE[m,m2] wE[m,m2] j=1
= op(1),

by Lemma 7 and the condition that by/dy7 — 0 in Assumption 9 (b).

The term Q.11 can be also be shown to be 0,(1) with similar arguments. |
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To prove the consistency of the Z-test statistic in Theorem 3.1, we present the following

lemmas:

Lemma 8. Under Assumptions 1 to 9,

(a) sup [[Az(m, FHy)||=0,(1) and sup

wE([m1,m2) wE[m,m2]

Ay @ﬁ)” ~0,(1),

~ ~ -1
) sup ||Sy(r, FHy) M| =0, 1) and |5, (WF) = 0,(1),
mE([m1,m2]
(c) s[up | Sy (’/T,F) — Sz(m, FHy1) || = 0p(1).
TE|T1,7T2

Proof of Lemma 8. For Lemma 8 (a),

7T T
1 1
sup A(m,FH,)= sup ||vech (m;fﬁ fifTHy — > HY ftfjm)H

TE[m,m2] wE[m1,m2) T —nT t=nT+1
T T
< sw | SR S AT
mE[my,mo] LTTJ =1 T—nT t=nT+1
= Op (1) )

by Assumption 8 (b), and

sup
me[my,ma)

AZ<77ﬁ>"§ sup ||Az(m, FHy.)|| + sup

TE[m,m2] wE([m,m2]
T
=0, (1) + Op <£> )

2
5NT

Ay (7r, ﬁ) — Az(m, FHo,)

by Lemma 5 (a).

For Lemma 8 (b), because 0 < 7 < 1, this implies that

sup §Z(7r7 FHy,) — ((% + ﬁ)Qz) H = 0,(1). Since §z is positive definite,
TE[m1,m2]

Sup | Pmin <§Z(777 FH0,1)> — Pmin ((% + ﬁ) QZ)’ < sup §Z(7T> FHo,l) - (% + ﬁ) QZH =
TE[m,m2] TE[m,m2]

0p(1), where piin, Pmaz denote the minimum and maximum eigenvalues of a symmetric ma-

trix, respectively. Thus, the eigenvalues of S, (m, FHy 1) are bounded away from zero in ,
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and sup
mE[m1,m2]

§Z<7T, FHO,I)

= O, (1). For the second part of this lemma, we have

sup ||Sz <7T,F> — (— + )QZ < sup ||Sz (7r, F) — Sz(m, FHy ;)
TE[m,m2] ™ -7 wE[m1,m2)
~ 1 1
+ sup ||Sz(m, FHy,) — (— + ) Qy
wE[m,m2] m 1—m
= 0,(1),

by Lemma 5 (b) and Assumption 9 (a). Therefore,

5 1)) o (2 25 20

§Z(”’ﬁ)_<%+1iw)gz

which means that the eigenvalues of Sy <7T, F > are also bounded away from zero, implying

sup
wE([m1,m2]

< sup = 0p(1),

wE[m1,m2]

that Sy (7T, ﬁ)l =0, (1).

For Lemma 8 (c):

~ -1
sup ||Sz (7r, F) — SZ(W,FHOJ)*H
mE([m1,m2)
~ ~ ~ NN~ =1
= sup ||Sz(m, FHy,)™* (SZ(W,FHOJ) - Sy (7r, F)) Sy (7T, F)
wE([m1,m2]
N N N N N =1
< sup ||Sz(m, FHoyl)’l sup ||Sz(m,FHy1)— Sz (7r, F) sup ||Sz <7T,F>
mE[m1,m2] TE[m1,m2] TE[m1,m2]
=0y (1) 05(1)0p (1) = 0,(1),
by Lemma 5 (b) and Assumption 9 (a). [

Proof of Theorem 3.1.
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sup |#z (7?, ﬁ) —Wy(m, FHOJ)‘
wE[m,m2]
AN\T | A~ ~\ —1 ~ ~
< sup |Agz <7r, F) [SZ <7T,F> — Sz(ﬂ',FHo’l)_l] Ay <7T,F>
wE[m,ma]
~ T ~ ~
+ sup [AZ (m F) ~ Ay(r, FHOJ)} S,(r, FHy ) " Ay <7r, F)‘
TE[m,m2)
+ sup Az(ﬂ', FHle)ng(TF, FHQ,l)il |:AZ <7T, ﬁ) —Az<7T, FHO’l)iH
wE[m,m2]
=0,(1),
using the results of Lemma 8 and Lemma 5 (a). |

Proof of Theorem 3.2.

Under the alternative hypothesis for the Z-test, we have:

[7T)
L7r1Tj fifiT = Z A
t=1 t=|7T+1]
1 [=T) T
_ T TJZHTft TH, — 71 Z HT Z$,£7 27 H,
~ 7] t= 2T +1]
1 | 7T . . T .
+mz (ftft —H;—ftftTHl> _T_—L//TT‘J Z <ftft _H;—thftTZTH1>.
=1 t=|nT+1]
Note that
1 N FIT _HT T H
m ; (ftft — Hy [if, 1)
[T)
B \_7T1TJ Z [(f HTft) fi M+ (f HTfi) <ﬁr - ftTH1> +H f; <ﬁr - ftTH1>]
t=1

1
—0, [ ——
(&)
by the arguments in the proof of Lemma 5 (a). Similarly, ﬁ S T+1 (ft :T —HZf, tTZT]—h) =
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O, ( =5— ). The main dominating term is thus
p 6NT

| 7T T

1 1
HT T_ 26T 72T\ B B BT (20— 2502 VH - = C
' |77 t=1 s T — |=T] tLZT-HJ Julu ! 0’1( F F ) 0,1 )

by Assumption 8, and the definitions of H; and Hj;. Matrix C' contains non-zero entries
because Lp — Z%pZ " is not zero by Assumption Z2, and the fact that Hp; is non-singular.
Note that Assumptions 1 to 8 still hold under the alternative hypothesis albeit with an ap-
propriate pseudo factor representation, and hence Lemma 5 (b) still hold for the equivalent

models under the alternative. Finally, putting the above together we have:

Wy (W,ﬁ)
=Ay <W,ﬁ>T§Z (W,Z?’)_IAZ (71',]3)

" max (bLﬂTi br ) [\}TAZ <7r, ﬁ) T} {max (birr), br—a1)) Sy <7r, ﬁ) 1} {%Az <7r, ﬁ)]

:max (bL TJJ-' bT_L Tj) [Vech(C)T + Op(l)} {max (bL”TJ’bT—LwTJ) §Z (7‘(, ﬁ>1:| [Vech(C’) N Op(l)]

—0Q,

by Assumption Z2. The consistency of sup #7 (7?, ﬁ) follows from the consistency of

mwE[m1,m2]

Wy (71’,}/7\1). ]

A.4 W-test Proofs

We first recall the following identity for the factor loadings for m =1, 2,

s 1 1 -~ ~ 1 . T
Ani = Higdmi = = HL Fyemyi + =T (Fm _ FmH;f) A + = (Fm _ FmHm> €lm)i

Tm m m

(A.8)
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where Equation (A.8) is the subsample version of the asymptotic expansion of the factor
loadings considered by Bai (2003) (see the proof of their Theorem 2).

Next, recalling that w; = :\21' -7 TS\U, we derive the following identity for w;:

1 .
W; = Hy "Mgy + Hy ————— Z Jieir + 7 I — <F2_F2H2_1) A2i

L t= L T+1] B W)TJ
1 - -
T T 1 - 1 T n -1 1 n T
— 7 H L( TJ thezt—i— TJF (Fl_FlHl >)\11+m <F1—F1H1> 6(1)’7;

= Hy'Noy — Hy'Z i + [ 27 - H‘lZTHl} H '\

1
—+ HT fez + F F2 )\22
Ta=m1] LZJ et oy (P Pbs)
ST o7 1 = I~ = rr—1 1 = T
-7\ W g 2 thethr e (7 - A; )Amm GERVANE

Rearranging the terms then yields

1
1. T T
— Hy w; = H, L1_7T Z freir + 1—7T)TJF (FQ_FQ >>\21
t[T-i—lj
L Fy — FyH. !
+—< 9 — Iy 2) €(2),i
(1= m)T] ®

|«T |
. 1 3 1 - .
t=1

L (F FH)T 1
1 — 141y €(1),i
LTJ 1)

|z - H;lzTHl]Hl-lAu. (A.9)

Lemma 9. Under Assumptions 1 to 8, as \/T/N — 0,
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(a)

T
1
\/T (1;}1 — HQ_IUJZ> = H;—— E fteit
(1- W)ﬁt:LﬂT-HJ

LT

1
— Hy'ZTH H] ——= " fieq + 0,(1),
T =

T
1
sup {\/T (u?l — H{lwi)} = sup HQT— frei
r€lmyma) mE[m,m2)] (1- W)\/T = §+1J

1 |7 T]

—Hy'ZTH\H] —= " fiea p + 0,(1).
T =

(b) Additionally, if Assumptions W1 to W8 hold,

Ny U S S ol
= _—_— 62»
N TA-mVINS S

N |nT|

1
— H;'Z"HH —— i+ 0,(1),
2 1 17T\/ﬁzzftet Op()

i=1 t=1

sup \/TNZ?il 0 — Hy = sup HT;XN: XT: feeit
N > (1—m)VTN 4 '

7TE[7r1,7T2] 7TE[7T1,7T2] i=1 t=|7T+1]

N |7T|

1
—H;7'ZT"H,H e p +0,(1).
PETH] 3 S+ ol

Proof of Lemma 9.

29



For Lemma 9 (a), using Equation (A.9), we have

1 B
VT (i — Hy'w;) = Hf ——— fien+ ——— ) (F2 FQH;) i
(1—7?)\/_t LWXT:HJ (1-— W)\/T
1 . T
+ m <F2 — F2H2) €(2),i
AR = P -1
_ 77\ Z fiew + —= (Fl ~ RH) A
\/_ < F1H1> 6(1)7i:| - ﬁ <ZT - HQ_IZTH1> Hl_l)\h'
7T
Ly >
-0 — frei — ZTHT fe€it
(1—7T)\/_t T \/_
PSR (F —FH‘1>>\ -+;(F —FH)Te .
(1—#)\/72 2 oM, 2% 1= mT 2 bYeb) (2),i
1 - - 1 - T
—ZT—FT<F—FH‘1>)\Z-—ZT (F—FH) ey
T 1 1114 1 T 1 1114 (1),

VT (ZT lZTHl) H'

=WI+WII+WIIT+WIV AWV +WVI+WVII,

where W.III and W.V are O, (5;%) due to Lemma 1 (d), W.IV and W.VI are O, (5?VT)
due to Lemma 1 (c), and W.VII is O, ( ) due to Proposition 1 (a). Combining the
asymptotic order of these terms yields the required result.

For the second part of this lemma, we have

sup {\/T (”J)Z — H;lwi)}

wE[m1,m2]

— sup {WA+W.IT+W.III+W.IV +W.V +W.VI+WVII},

me[m,ma]
VT
= sup {W.I+W.II}+ O, (52 > :
me[my,ma) NT
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because

1 ~ JT
sup [|W.AII|| = sup || ———=F) <F2—F2H_1>)\2i =0, 5|,
Tre[ﬂ'lyﬂ'Q] 71‘6[71’1,71‘2] (]._7T>ﬁ 2 2 P 5]2\771

1 ~ T VT
swp [WIV| = swp |———— (B~ BH) eyl =0, (5.
7r€[7r17772] 7r€[7r1,7r2] (]._7T>ﬁ () P 6]2VT

1 - _ VT
sup W= sup \ZT =BT (R - Bl ) Ml = 0, | 5 |-
mE[my,m2] we[mwy,ma] W\/T ! ! P 5]2\7T

sup |[W.VI| = sup ||Z7

mE[m,m2] mE[m,m2] ™

vT
(i)

VT
(%)

due to Lemmas 2 (a) and 2 (b) and Proposition 1 (b). Combining the asymptotic order of

1 - T
T (Fl - F1H1> €(1),i

sup |[WVII| = sup ||VT (ZT . H;lzTﬂl) H

wE[m,m2] TE[m,m2]

these terms yields the required result.

For Lemma 9 (b), using Equation (A.9) and taking the cross-sectional average of both
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sides, we have

\/ﬁZizl (wZN H, wl)

nll n -1 1
( \/_Z Z ftezt + ( )ﬁF <F2 — F2H2 > \/—NZ)\%

=1 t=|7T+1]

+(1—7r1)\/ﬁ< F2H2> Ze
|7 T N

— 77 H) \/—Zth€1t+ \1/TF <F1_F1Hll)ﬁz>\li

=1 t=1

N
F1H1> €(1),i
+—— (A > e

N
. . 1
JT (ZT — H 1ZTH1) H; 1¢_N ZAM

1 N |#nT|

( \/—Z Z Jeit — ZTHT \/—Zthezt

=1 t=|7T+1] =1 t=1

:HT
1 N

et (B ) 53 bt (i (B ) S

—ZTW\/_ (Fl F\H >\/_Z 15— 7r\/1T_< F1H1>T;€(1),z’
~VT (27— Hy' 2 H,) Hy 1\/_2/\1@

=WVII+WIX+WX+WXI+WXIIT+WXIII+WXIV,

+

where W.X and W.XII are O, (ﬂ) due to Lemma 1 (d), W.XI and W.XIII are
0, ((;[) due to Lemma 1 (g), and W.XIV is O, ( ) due to Proposition 1 (a). Com-

bining the asymptotic order of these terms yields the required result.
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For the second part of this lemma, we have

sup {WZL (1211- - Hglwi) }

wE[m1,m2) N

= sup {(WVIII+WIX+WX+WXI+WXII+WXIII+WIV},

mE[m,mo]

T
= sup {WVIII+W.IX}+ O, <£>,

52
TE[m1,m2] NT

because
1 1 &
sup |W.X||= sup ||————FF (F2—F2H‘1> Ny,

7r€[7r1,7r2} 7'('6[71‘1,7‘(‘2] (1 - ﬂ-) V T 2 2 V N Zzl
N

- N VT

= sup ||————=F (FQ — FhH ) — Xi =0, | — |,
wE[my,m2) (1 — 7T) VT 2 N ; P 5]2VT

sup [|[W.XI||= sup |———— (FQ—
wE[m1,m2) mE[m1,m2) (]. — 7'(') V TN

1 - .
sup |[W.XII|= sup ||ZT—=F (Fl—FlH;1>

1 & o (YT
B — 1z N )
TE[m,m2] wE[m1,m2) W\/T \/N i=1 ' 6‘]2VT
N
1 T
sup |W.XIII||= sup |27 (Fl—F1H1> > e[ =0, 2£ ,
wE[m1,m2] TE[mw,m2] TN i—1 5NT
N
- 1 VT
sup |[W.XIV]| = sup ﬁ(ZT—H‘lZTﬂl)H‘l— Ml =0, [ X2,
welmy,mo] wEmy,ma] ? ! \/N; ? 512\7T

where the result for sup ||WW.X]| follows by Assumption W1 and Lemma 2 (a), sup |[W.XI||

TE[m1,m2] TE[m1,m2]
and sup |[W.XIII| follow by Lemma 2 (a), and sup |[W.XII| and sup |W.XIV||
wE[m,m2] wE([m,m2] TE[m1,m2]
follow by Lemma 2 (c), Proposition 1 (b), and Lemma 2 (c). |

For ease of notation, define €; = €(n) it = Lime for m = 1,2.

Lemma 10. Under Assumptions 1 to 6 and 8 and Assumptions W2 and W3, and if

VT /N = 0, then form =1,2:
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(a)

t=1
g
{ SR
. b
| =T & B el f =)

;] N )
Z Z | (Emy.ie — €it) - Lmt| = 0p(1),

T
i=1 t=1
1 N |nT]
sup € — el p = 0p(1),
T€[m ) TN 221: tz; D
N |#T]
g TN Z Z €t — e“’ = 0p(1),
TEm,m2] — =
(c)
1 — . A
T_ Z (e(m) ztbmt) = Op (1) ,
M ot=1
| L)
~
Sup =T €i = O (1) )
7T€[7’r1 7r2} 7TT —1 t p
1 [7T)
~
Sub €i =0 (1) )
mE[m1,m2] (1 - 7T)T p—t t p
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(d) If Assumption W1 additionally holds,

i=1 t=1 7
1 N |nT]
~4
sup 61 = O (1) )
S [71'1 77'('2] WTN ; P t p
1 Nz
~4
sup 2\ _0
remm) | (1 —7T)N Z Z ¢ (1)

Proof of Lemma 10 (a).

For brevity, we focus on m = 1, as the case for m = 2 is very similar. We have by definition:

€),it — eit’ =

Aife = M fe

N~ ML TH]

N (Jo= HR) + ALHT fo— (\LHTTH] f)

N (Fo= 1) + (N = ALHTT) B f

|E.I, + E.IT).

Noting that ‘5(1),11 — eit‘4 < 64|E.]Lf1 + E.I_ff|, it therefore suffices to consider the bounds

of 23T B} and L YT EII}

First, 7- ST B 14 can be bounded by:

| )
4
T S EI < ‘
t=1

where HS\“

0, (ﬁ) by Lemma 4 (a).

4
= O, (1) after suitable subtraction and using Lemma 4 (d), and %‘

4 4

LT
S fi-H S

AL
1, T

0,00, (5).

fi—H i
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Next, %1 ST E.II} can be bounded by:

1 | T) ) 4 1 L] A
7O AL < ] AT, - ALHI‘TH I S I
t=1 t=1

-0, (5 ) oo, 0,

4
5NT

where ) 51
NT

Assumption 1.

The second part of this lemma follows immediately, because

| L
~ R .

sup — €t — €5 S B — E Cir — €

mE[m1,m2] T ; | " Zt| m T — | i Zt|

|7T| T

1 1
=T ; [yt — en|* + — > e -

t=|mT+1]

= 0,(1).

The third part of this lemma also holds following a similar argument.

Proof of Lemma 10 (b).

- 4
)‘1T,i — )\IinTH =0, <L> by Lemma 4 (d), and %1 Zi&” ”ftH4 =

Op (1> by

4
€it

The proof is similar to that of Lemma 10 (a) - it suffices to show that ﬁ Zthl Zi\;l E.I}

and ﬁ ZL Zfil E.IT} are both negligible. For brevity, we will focus on the case of
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= 1, as the case for m = 2 is similar. First Lﬂ? Zf\il E.II} can be bounded by

’TN t=
|[7T] N
E.I!
TINZZ
t=1 =1
1 |[*T] N
— H{ f,)
t=1 =1
N |nT| . A
TlN;tle)\“ AiH )(ft H1Tft>+)\1,iHlT<ft—Hlet)]
[7T] |7T|
64 ~ 41 /- 4 - 4
< T ) —()\Z-—)\ZH*T> (A7) ( _ T )
_TIN;(J% T1) v (o= nif; TlNZ WD) Y (fo=
7T N |~ N
64 41 ~ 1 - 41
< “H | < ’)\i—/\, H 64— —HT‘— Al H |
_Tlt; fo—Hy fi N; i — A Ot DA~ H N;u Ll I

where the first 0,(1) term comes from Lemmas 4 (a) and 4 (d), and the second term is 0,(1)
from Lemmas 4 (a) and 1 (e) and Assumption 2. The second term ﬁ Zthl Zfil E.IT}

can be bounded by

[=T] N [=T| N
EIIN = (A ~ A\ H )HT
g fT 4 4 4
<N ZZ!AM—AM N EARA
Y o1 =1
1 \ T|* 1 — 4 4
- N;HAL@-—AL@ 7 sl
— 0,(1)0, (1) O, (1)
:OP<1)7

because of Lemmas 4 (d) and 1 (e) and Assumption 1.
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The second part of this lemma follows immediately because

L) 1 Z
~ 4 ~ 4
sup § — € — €] p < — €t — et
7r6[7r1,7r2] 7TT ; 7T1T ;
|7T| T
1 ~ 4 1 ~ 4
e ‘ (1),it ezt‘ + = Z ‘6(2),# — €t
o= t=[aT+1)
1
—0 (——
" 512\7T>
The third part also similarly follows. [ ]

Proof of Lemmas 10 (c¢) and 10 (d).
Lemmas 10 (c) and 10 (d) are implications of Lemmas 10 (a) and 10 (b) and can be proven
in a similar way.

For m =1 (noting that the case for m = 2 is similar), the lemma holds as

1 |nT] 8 (7T A 8 |nT]
~4 ~ 4
Tl Z 6(1)7% S Tl Z (6(1)7# — eit) + jTl Z 6“ = Op (].) .
t=1 t=1 t=1

The second part of this lemma follows as

1R 1 &
~4 ~4
sup — it ¢ S — €;
7r€[7r1 71'2] ﬂ—T =1 ! 7T1T ; !
1 |=T] 1 T
=7 é\?l)zt+ﬁ Z ey = 0p (1)
=1 Y a1
The third part follows similarly.
Lemma 10 (d) can be proved similarly to Lemma 10 (c). |

Next, we define the covariance matrices él,i (7r, P ) and (:)2,i (7?, a > These were dis-
cussed in Bai (2003) and are HAC estimators constructed using the estimated residuals

€(1),it = Tip — A;ift and €9) i = Ty — A;bet in the series Z'f, - ey,ie and fa; - €2y
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respectively:

|7 T|—1

~ A~ ~ ~ j ~ ~ ~ AT
@1,1' <7T, F) = Do,u <7T, F) + Z k ( ) (Dj,l,i <W7F> + Dj,l,i <7T,F> ) ) (A.lO)
j=1 bLﬂ’TJ
T—|nT|-1 .
- ~ ~ ~ j ~ ~ ~ AT
@2,1'(7T7F> = D0,2,z‘(7T,F> + 0y k( > <Dj,2,z‘(7T,F> +Dj,2,i<7T,F> ) :
= br_|=71)
(A.11)
where
~ . 1 | 7T | R .
Dj,l,z‘ (W7F) = ﬁ Z fté(l),ité(l),i,t—jftfju (A-12>
t=7+1
1 T
2 P T
Dj,2,i <7T7 F) = (1 — 7-()T Z | ft€(2),it6(2),i,tfjft_ja (A13)
t=|nT|+5+1

and k(.) is a real valued kernel, such as the Bartlett kernel, satisfying Assumption 9. Addi-
tionally, define the HAC estimators using infeasible data as él,i(ﬂ, Fy1) and (:)2,i(7r, FHs,),

and assume that they are consistent for ©,; and ©,;, respectively.

Lemma 11. Under Assumptions 1 to 9, for m = 1,2, we have

(a) sup sup
me[m,m2]0<j< | 7T | -1

ﬁj,m,i <7T, ﬁ) — ﬁj,m,i (7T, FHo’m) H = Op(l),

A~

(b) sup (:)mZ (7?, F> — O (T, FH(),m)H = 0,(1).

me[m,mo]

Proof of Lemma 11 (a).
We focus on the case of m = 1, as the proof for m = 2 is similar and thus omitted. Due to

the consistency of H,, for Hy,,, it suffices to show

sup sup = 0,(1).

we[m,m2]0<j< 7T ] -1

Z/jj,l,i <7T7 ﬁ) — ﬁjylvi (7'[', FHl)
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We have

sup sup ﬁj,l,i <7T, ﬁ) — ﬁjJ (71', FHl) H

m€[my,me]0< <7 T |1

| 7T ] |nT]
s a7 1
= Sup sup Z ftft ] te(l)zt —j H Z ftft jeztezt j Hl
w€[m1,m2]0<j< 7T ] -1 t=j+1 |_ t=jt1
[T |

< sup sup
m€[m,m2]0<j< | 7T | -1

1 5 5 .
[T > (ftftT—j - HY ftft—jH1> (Ew.itf.it—s)
t=j+1

[T
1
+ —T Z (Hrftft—jHl) (é(l),z’té(l),i,t—j - ez’tei,tfj)
L Jt =j+1

=D.I+D.II.

40



The first term D.I is bounded by

|T)

2: (ﬂﬂ] HTﬂﬂ_ﬂﬂ)( 1).it€(1),it—5)

1
sup sup
w€lmy,me]0< < 7T —1 UT

D=

7T

- - 2

ftft —j HTftft JHlH L T Z (e(l),ite(l),i,tfj)
t=j+1

< sup sup [7TT Z )

me[my,mo]0< <7 T | -1

[7T)

< sup  sup ﬁ SR - )+ (R a0 )i
t=j+1

m€[m1,m2]0<j< 7T |—1

NI

[T
1 ~ -
XWE (6(1),it6(1),i,t—j)2
t=j+1

[SIE

5 ]
< =
sup sup [T t;l ’

|- ()]

ﬁf(ft—ij - ftT_jH1>

m€[m1,m]0<j< 7T |—1

=

1 |7T)
7] 2 Coatw)
t=j+1
1
ILWTJ~41L7FTJ~ A\
< sup sup 2 ‘ft T ‘f—['_f—i‘Hl
w€[m,m]0<j< |7 T | -1 UTTJ t;l LWTJ t;l o "

(ST
N

4 ~ T 4
Ji=j fe—Hy fi

1 [T
2 R
i | 7T | Z
t=5+1
[T ]

X E:e zte ),it—j

t=j5+1

L
LWTJ t=75+1

1/2

where the first term being o,(1) follows from applying Lemma 4 (a), and the second term
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follows from Lemma 10 (d). Using Lemma 4 (c) to replace Hy with Hy,, results in a
convergence speed of O, (Syr).-
The second term D.I1 is bounded by

[=T]
1
sup sup m Z (Hl—rftft—inl) (é(l),ité(l),i,t—j - eitei,t—j)

w€[my,m2]0<j<|nT] -1 t—j+1

N

| T ] (=T

1
< sup sSup L Z HHTftft ]HlH J Z ((é(l),ité(l),i,tfj_eitei,t—j))2

w€[my,m2]0<j<| 7T | -1 t=j+1 t=j+1

1
r 3
<0 (Lﬂ'lT Z (é% Jit - 6it)2 + €5, (Ey,it — eit)2>>

T |=T| 2 9 T T , 3
SOP 1 L7T1T Z )it Z - €zt + L7T1TJ (Z e?t Z (é(l),it - eit) )

where the O, (1) term comes from Assumption 1 and Lemma 1 (e), and the o0,(1) term

comes from Lemma 10 (b). |

Proof of Lemma 11 (b).

We focus on the case of m = 1, as the proof for m = 2 is similar and thus omitted. See

that
sup élﬂ' (W,ﬁ) — (")171' (W,FHO’I)H
wE[m,m2]
< sup émz (7T; ﬁ) — Oy, (7, FH,) sup éu (m, FHy) — ©1, (7, FHy 1)
wE[m,m2] wE([m,m2)

=0y, + Oy, 11
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For the term ©,,.I we have:

sup (:)171' (W,ﬁ) —(“)172‘ (7T,FH1)H
wE[m,m2]
R R |7 T|—1 R R AT
S sup D(),l,i(?T,F) Z k( )(D]Li(ﬂ',F)—FD]lZ(TF F) >
wE[m,m2] bLﬂTJ

|[7T]-1
— Do 1i(m, FHy) — Z k(bL ) (Dj,l,,-(w, FHy) + Dj4(m, FHl)T>
T |

Recall that ‘k <bL]Tj )‘ <1andk <bL]TJ> = 0 if j > bjxp) for the Bartlett kernel. Thus,

A~

Ou,.1 < sup [ Doy, (W,F> — Do1i(m, FHy)

wE[m,m2]

+ 2 sup Z Hﬁj’l’i (7'(', ﬁ) - ﬁﬁl,i(ﬂ', FHl) .
1

In the case of the Bartlett kernel, ©,,.1 is O, (T1/3> by Lemma 11 (a) and the condition
in Assumption 9 (b), which states that bj.7| = O(T%/3), so ©,,.I is 0,(1) if br/dnr — 0
as N, T — oo.

The term ©O,,.I1 can be also be shown to be o0,(1) with similar arguments. |

Lemma 12. Under Assumptions 1 to 9 and Assumptions W1 to W3, form = 1,2,

(a) sup sup
we[my,m2|0<j< | 7T ] -1

~ SN lA)JmZ (7r, ﬁ) - ﬁj,m (m, FHO’m)H = 0,(1), where ﬁj,m (m, FHy ) =

plim % le\il ﬁjm’i (m, FHy,,), its infeasible counterpart,

(b) sup

we[my,ma)

20 G (7 F) = Gy (m, FHo ) | = 0,(1).

Proof of Lemma 12 (a).
We focus on the case of m = 1, as the proof for m = 2 is similar and thus omitted. Similar

to Lemma 11 (a), due to the consistency of Hy to Hy, it suffices to show

N

1 ~ ~ ~
_ZDj’l’i <7T,F> — Dj71 (ﬂ',FHl)

sup sup
w€[m1,m2]0<j<| 7T | -1

= 0,(1).
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We have

sup sup
m€[my,me]0<j< |7 T'| -1

N
1 ~ N ~
N ZDj7lai <7T,F> — Dj71 (7T,FH1)
i=1
N |=T]

1 F AT -~ ~
= sup sup LWTJ N Z Z ftft—[je(l),ite(l),i,t—j

w€[m1,m]0<j< |7 T|-1

i=1 t=j+1
1 N |7T]
HT T Cit€it—j H
N |7T]
1 ;T T ~ ~
S sup sSup <ftf_‘ — H, ftft—‘Hl> (6(1),it6(1),2’,t7j)
n€lm,m2]0<j< |7 T] -1 LTFTJ N ;t:JZJrl = ’

N |nT]
1 ~ ~
+ TN Z Z (H{ fifiiHy) (Eq)a€yit—i — €i€it—)
i=1 t=j+1

=D.III+ D.1V.
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The first term D.I11 is bounded by

N [nT]

sup sup

me[my,m|0<j< |7 T|-1 i=1 t=j+1

< sup sup Z ‘

w€[m,m2]0<j< |7 T | -1

t=j+1
1 [=T]
< sup sup Z ‘ft(ft —j ft ]H1> +<
m€[m,m]0<j<[7T] -1 t=j+1
1 | 7T | 1 N %
X — — é zte lt
[+ T Z (NZ ”
7T | 2
< sup sup ‘f (f f ) ‘
relmmal0<j<|nT] -1 7TT Z t\Jt—j t—j
1
- 2
1
m Z Nze(l)zte Ji,t—j
t=j+1 i=1
1 [~T| 4 1
< sup sup 2 Tt 7= Hf — 1! Hl
we[m,m2]0<j< 7T -1 LWTJ t;1 LWTJ tgz tj o
S - fi— a7
I t— fy Jt
LWTJ t=j+1
\#T] N 1/2
X L7TT N Z Ze zte Jt—g
t=j+1 i=1
1/2
<o,(1 &? i e
1/2
<o 1 6 K
=0,(1)0, (1),

+ (s

1
2

)7

D=

mf_/} Z Z (ffft —J — H f.f, gﬂl)( 1.t€(1). i)

N

|«
FAARI AR A g T 2 (%Zéu
t=j+1

=1

‘ 2

—H£) G|

N

2
),ité(l),i,tj)

N

where the first term is 0,(1) follows from applying Lemma 4 (a), and the second term follows

from Lemma 10 (d). Replacing H; with Hp; using Lemma 4 (c) results in a convergence
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rate of O, (6y7)-

The second term D.IV is bounded by

N |nT]
b Sup HTftf Hl zte 1),it—j — €it€it—j
me[m,m2]0<j< | 7T -1 7TTJ N ;tgl t=3j ) ( (1),3,t—j ])

[7T) 7T 1 N 2
< sup sup L Z ||HTftft jH1|| Z (NZ(é(l),ité(l),i,t—j _eitei,t—j)>

me[m,m2]0<j< | 7T | -1 t=j+1 t=jt1 i—1

2 T 1 N %
- - 2 ~ 2
<0, (1) ( [T ] > (N Z €yt (Eqyir — €)™ + €5 (Eyar — eit) ))

t=1 i=1
2 T N y T N %
<O (1 LmTJN(;; Ui 2 2, Cov= e )

=0,(1),

where the O, (1) term comes from Assumption 1 and Lemma 1 (e), and the o,(1) term

comes from Lemma 10 (b). |

Proof of Lemma 12 (b).
For brevity, we will only prove the case for m = 1, as the case for m = 2 is similar. See

that

N
1 ~ A~ ~
sup N Z@LZ’ (’/T, F) — @171' (7'(', FHgyl)

wE([m1,m2] i1
1 - - - 1 - -
< sw |53 6w (n F) = Ou(m FH |+ sup |53 8 (m,FH:) = Oui (. FHo)
’ =1 =1
=Ow.] +Ow.I1.
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For the term Oy, .1, we have:

N
sup Z(:) (7r F) O, (7, FH,)
wE[m,m2] i1
N 1 N |xT-1] .
< sup ||— l(7r F) — ( )lA) 7i<7r,ﬁ)
| e x 2 k() P
1 & (R
_NZD (7'(' FH1 N Z (bL TJ) Dj,l,i(ﬂ'gFHl)
i=1 i=1 j=1 4
1 N birr) 1 N
< sup - Z DO,I,Z' (71', F) — DO,l,i(FH1> + 2 sup - Z Dj,l,’i (ﬂ', F) — Dj717i(FH1)
r€[my,ma) N i1 wE[m,m2] j=1 N i=1
_Op(l)v

by Lemma 12 (a), and the condition that by/dy7 — 0 in Assumption 9 (b). The term

Ow .11 can be shown to be 0,(1) using similar arguments. |

Lemma 13. Under Assumptions 1 to 8, if VT /N — 0,

(a)

sup || (m, Hy M) || = 0, (1), sup ([ ()7 || = 0, (1),
wE[m,m2] TE[m1,m2]
sup || Qs (0, 0) —QWz( , Hy ng)_l = 0,(1).
wE([m,m2]
(b)
swp ([ (r Hydw) | = 0, 1), sw ot (| = 0, 1),
mE[m1,m2] TE[m,m2]
sup ||Qw (7, @) " — Quw (W,H(;le,yl” = 0,(1)
wE[m,m2]

Proof of Lemma 13.

For the first part of Lemma 13 (a), Assumption 9 and the fact that 0 < m <7 <M < 1
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imply that sup ||Quw; (7, Hyywi) — (£ 4+ ) Q|| = 0p(1). Because Qu; is positive

mE[m1,m2)
definite,
SUp | Pmi (Q '(7‘(‘ H_lw-)>—,0 ; l—i— ! Qs
relms ] min Wi y £40,2 Wi min T 1— 7 Wi
< sup [|Q <(7rH’1w-)— l—i— L Qwi
_7r€[7r1,7r2} WA A 0.2 m 1—m W
=0p(1),

which means that the eigenvalues of Qmi (7?, Hy. 1wi) are bounded away from 0 uniformly

in m, and thus sup
TE[mw,m2]

Qs (m, H&zlwi)_l = 0, (1). Following a similar argument, the

eigenvalues of QWJ- (7, ;) are also bounded away from zero uniformly in 7, implying that

-1

Qw,i (7T ) ﬁfz)

sup
wE[m,m2]

= O, (1) as required.

For the second part of Lemma 13 (a):

sup QVV,@ (W,Zbi)_l — QVV,@ (71', H&;wl)_l

mE[m1,m2]
= Ssup le (7'(', H(Ilwi)il (QW,Z <7T, H&%wl) — QWJ' (7T, 7:[]2)> QWJ' (7T, ﬁ]z)ilu
wE[m,m2]
A -1 -1 A -1 ~ ~ ~ -1
< sup ||Qw; (W,wai) sup ||Qw (7T,H072wz-) — Qu; (m,w;) || sup  |[Qw (7, @;)
wE([m,m2] wE[m,m2] TE[m1,m2]
=0,(1).
Lemma 13 (b) can be proven in a similar way to Lemma 13 (a). |

Proof of Theorem 3.3.
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For Theorem 3.3 (a), note that

.
[7T]
Wiv, (m, Hyyw;) = HJ ) Z freir — \/_HOT2ZTHOT ) feea
(1 - ﬂ) t=|nT+1| t=1
X le (77', H&%wl)il
1 T | 7T
X —H()Tz fe€ir — HOTzZTHO 1H01 freit
(1— ﬂ)\/T tz\erTJrlJ W\/T tzl
= plim (W.I + W.II), (A.14)

i.e. the main dominating terms in Lemma 9 (a). Recalling that Hy % Hy o, it thus suffices

to show

sup |WVV,1 (7T,U~)i) — Wml (’/T, H{lwl)’ = Op(l).

wE[m,m2]

We have

sup Wi (m,0:) — Wiv (0, Hy 'wi) |

el m]
< . VT (i) [Qw,i (m, @)~ = Qui (, H(igwi)_l} V(i)
relmims
+ s VT (is; — W.I = W.IT) Qu; (x, Hydws) ™ VT (i)
refrim
+ s[up | VT (@) Qs (, Ho_,glwi)il VT (w; — W1 —W.II)"
refrrm
=0y(1),

where we have used the fact that v/T'(w; — W.I — W.IT)" = O, ( ) following Lemma 9 (a)

under the case of the null hypothesis where w; = 0, and the results of Lemma 13 (a).
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Because iy, (7r, Hy, éwl) = @,(m) by Assumption W4 (b), it is sufficient to show that

sup Ww, (m,0;) — sup Ww, (7r HOQwZ)

mE[m1,m2] wE[m,m2]

= 0,(1).

By adding and subtracting and taking the supremum on both sides, we have

sup WVVJ( , W ) WWZ( Osz)

wE[m1,m2)

+ sup Pwy (7T, H(iglwi).

mE[m1,m2]

sup Wiy, (m, w;) <

TE[m,m2]

Therefore,

sSup WW,i (7T7 wl) sup WWz (7T HO sz) S sup ‘WW,’L (7T7 wl) WW’L ( OQWZ)} - Op(]->

wE[m,m2] TE[m,m2] TE[m,m2]

Similarly, it can be shown that

sup Hw, (7T H, 2%) sup #w, (m, ;) < sup ‘Ww,i (m, ;) — Wi <7T7H0_,21wi)} = Op(1>'

wE([m1,m2) TE[m,m2] wE([m1,m2)

Combining these inequalities yields the desired result.

Theorem 3.3 (b) can be proven in a similar way using Lemma 13 (b). |

Proof of Theorem 3.4.
For Theorem 3.4 (a), we will show that #y, (7, w;) — oo as N,T — oo when w; # 0.

Recalling the asymptotic expansion of w;, we have:

[T)

Y Z ftezt_Z _ZHTftezt+O ( )
(1—mT X

t=|rT+1]

v on () w0 ()

=H; 'w; + 0,(1).

b =(Hy 'w;) + Hy

Because Qmi<7T, w;) 2 Qw,i (7?, Hz_lwi) and Qyy; (7r, H{lwi) is positive definite, it follows
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that Qu(m,@;) "' = O, (1) and we have the desired result:
plimy 7, inf (M, (m, ;) = plimy 7, inf (@DZTQWZ (7r, HO_Qlwi)f1 1ZJZ> >0,

which implies the desired divergence under the alternative hypothesis. The consistency of

sup #w, (m,w;) follows from the consistency of iy, (7, 0;).
TE[m1,m2)

For Theorem 3.4 (b), we will show that #y (m,@w;) — oo as N,T — oo under the

alternative. We have:

/2 Zﬁil w;
o (24)

N -1
N (Hy w, TC“/ ? Z Z
:TO‘/QZZl(—]\?u}) + H; fsezs

i=1 s=|nT+1]
Ta/z N |nT| TO‘/Q
_ ZT HT Sezs +O ( )
R 2 2
_ g Ta 221:1(1{2 wi) T 1 o+ 1 T2
=H, T = + H, A—mriar 7T)Tl_a/2()p(1) —Z"H, —le—a/QO” (1) + 0, .

o sz\; (H_lwi) 1 Ta/2
:H;—T /2 1\/N2— + Op —Tl—a/Q + Op _(52 ,
NT

where the last two terms are 0,(1) because 0 < o < 0.5 and VT /N — 0 as N,T — oo.
Since QW(W, W;) 2 Qu and Qyy is positive definite, it follows that QW(W, ﬁ}i)fl =0, (1),

and we have the desired result by Assumption Wb:

TOC
plimy 7, inf (?Ww(ﬂ', uﬁl))

-
. . Zj\il ILD’L A ~\—1 Z]\il ?I)’L
=plimy . inf [(T%) (Z_T Qw (7, ;) == >0,
’ N VN

which implies the desired divergence under the alternative hypothesis. The consistency of

sup #w(m,w;) follows from the consistency of #y (7, ;). [
TE[m,m2]
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A.5 Estimated Break Fraction

In this section, we study the effects of using an estimated break fraction as discussed in
Section 3.4. Define the true breakpoint as k = |77, and its estimator as k= | 7T |,
such that |7 — 7| = O, (T™1), ie. ‘E — k‘ = O, (1), which can be easily satisfied by many
existing estimators, such as that of Baltagi et al. (2017). We proceed by splitting the
analysis into two cases: 1) k < k, and 2) k > k. Due to symmetry, it suffices to study the
behavior of F) (%), i.e. the subsample estimate of pre-break factors. In the first case, the
break is under-/exactly specified, and hence the pre-break partition of data based on this
can be viewed as a sample with no structural break. Thus, the pre-existing results for the
case of a stable factor model apply.

In the second case, the break is over-specified, which implies that a partition of data
based on this experiences a structural break, and hence pre-existing results in the litera-
ture are not directly applicable. To overcome this, we will treat the terms related to the

structural change as an extra error term, such that

-
Tit = fp Aoi + e

= ftT/\u + €5 + Uy

where
Qi = ftT)\li + e, (A.16)
0, t=1,...,k,

ftT/\2i - ftT)\u, t=k+1,...,T.

That is, when k>Fk+ 1, the pre-break subsample can be treated as a data partition with
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no structural change, but with an extra error term. In matrix form, we have

X, (k) = A(k) + U(k),
F(R)AT + ey (k) + U(k), (A.18)

Xo(k) = Fo(R)A] + eo)(F), (A.19)

where Xl(@), A(@), e(l)(/l%), and U(@) are all k x N matrices, and XQ(@), 6(2)(7{3\), are all

<T — %) X N matrices. Thus,

X BB =RWATME R+ REAT [en® + U@

~

k
+ [ew® +WE] MR + e @ +WE] e ® + U] b

(A.20)

Define Hl(/l%) = (A{V/n) (Fl(k);Fl > VNTl(k:) 1 the counterpart of H;. It follows that

Fi(k) — FH,(k) = Niz ey BYM L (R)T (R + BRI ey (R) i (R) + ey (R)eqy () Fi ()
+UER) M F R B E) + BEATUR)TF () + URU ) F (F)

+U (R)eqy(R) T Fu() + ey (R)U (R) " Fy(k) | Vra ()™, (A.21)

JulB) = Hi (B fy = Vara(B) 7 — | Fi(B) i (RN e + B (R) T Er(R) A fo + Fi(B)T By (R

Z‘H
=]

+ By (k)T R (B)Ayug + Fy(R)TU(R)ALf + Fy(R) U (k)
AR TE®Ru + RETURe|

= Varra(B) ™ | Quia () + Quaalk) + Qua(k) + Quau(B)
+Qu50(F) + Qua () + Qura(B) + Quse(B)] - (A:22)
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Similarly, define HQ(%) = (A%VM) (FQ(k)kFQ > VNTQ(k:)_l, the counterpart of Hs. It follows

that

Fo(k) = FH (k) = [0y (R)A2Fo ()T Fal) + Fa(R)AS ea) () FalR) + eqa) (B)e (B) Fa(B)]

(A.23)

‘ —

Foalk) = Ha(k)T = Viera(R)™! [E(%)TFQ(%)AJ e+ Ba(k) e (R)Aafi + Fa(k) ey (R)er

oy

N
= VNT2 [

2,1,6(k) + Qa2 t( ) + Q2,3,t(i€\)] . (A.24)

~ ~ ~ o~ ~ o~ T ~
This allows us to define F'(k) (no subscript) as [Fl(k:)T, Fg(k)T] and H,, (k’), i.e. the
respective counterparts of F and H,; dependent on k. The validity of the using ﬁ’(@)

instead of F requires re-establishing the following lemmas.

Lemma 14. Under Assumptions 1 to 8, and suppose that the test statistics are constructed

using T = %/T where | — | = O, (7). Then,

(a)

mwEm,m2] L(l - = [T+ ]QVT
(b)
1 | 7T 5 ~ X
= T Il 1
i =P (Fh) ~ (W) 1) e = O, (%) |
1 T By ~ .
o T —mT] fi(k) = 4, k)Tf eit|| = O (—) )
mE[my,m2] |(1—m)T] tzprZT+1j ( (k) a t) ¢ P 6%\7T




(c)

|7T'| N
1 z B T = L
.- N 1
HLt k t it :Op <2 ]
2o i, X (- S <o (5)
(d)
T
1 - ~ 1
tk—HLtk?Tt tT :Op( )7
ool ;(m WA .
1 T P k’ H ]~g T T O 1
i 3, (- ma@ra) ] <o ()

Proof of Lemma 14 (a).

(%)H2 = 0, (52 ) for

m=1,2,3,4,5,6,7,8 and « = 1,2. The case for m = 1,2,3 and + = 1,2 can be proved

The first part can be proved by showing that LWTJ )i

similarly to Lemma 2 (a).

For m =4,5,6,7,8, t = 1, and when |[77T| < k, we have
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Collecting the asymptotic orders of the terms proves the lemma.

The second part of the lemma follows by symmetry. [

Proof of Lemma 14 (b).

Following Equation (A.22), it suffices to show that sup = TJ Zt 1 HQL’m’t @) it

TE[m,m2]

0, (5 ) for m =1,2,3,4,5,6,7,8 and 1 = 1,2,
NT
The case for m = 1,2,3 and ¢ = 1,2 can be proven similarly to Lemma 2 (b).

For the remaining m = 4,5,6,7,8 and + = 1 terms, we have
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Gathering the asymptotic order of all terms proves the lemma. The second part follows by

symmetry. [

Proof of Lemma 14 (c).

Following Equation (A.22), it suffices to show that sup
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The case for m =1,2,3 and ¢ = 1,2 can be proven similarly to Lemma 2 (c).

For the remaining m = 4,5,6,7,8 terms and ¢ = 1, we have
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Gathering the asymptotic order of all terms proves the lemma. The second part follows by

symmetry. |

Proof of Lemma 14 (d).

Following Equation (A.22), it suffices to show that sup 7] TJ ZLWTJ HQLmt )f

TE[m,m2]

O, (%) form=1,2,3and . = 1.
NT

The case for m = 1,2,3 and ¢ = 1, 2 follows similar arguments to that of Lemma 2 (a).
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For the remaining m = 4,5,6,7,8 and + = 1 terms, we have
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Gathering the asymptotic order of all terms proves the lemma. The second part follows
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by symmetry. [ |

The results of Theorems 3.1 and 3.3 which establish the asymptotic distributions of the
Z- and W-tests rely on Lemmas 1 (a) to 2 (¢). Thus, substituting in their counterparts
based on k in Lemmas 14 (a) to 14 (d) in these proofs re-establishes these theorems in
the case of an estimated break fraction 7 satisfying |7 — 7| = O, (%) Similarly, Lemma 6
related to the covariance matrices of the Z-test and Lemmas 10 to 12 related to the covari-
ance matrices of the W-test can be re-established. It therefore follows that #% (7?, F (7?)),
Wi (T, w; (7)), and P (7?, W(%)) all have the same asymptotic distributions as their

respective counterparts based on F and W.

A.6 Changing Number of Factors

In this subsection, we detail how our Z- and W-test can be extended to handle the cases of
disappearing and emerging factors. Let r; and ry denote the pre- and post-break number
of factors, respectively, and the corresponding pre- and post-break covariance matrices of
the factors to be X (1) and Xp (o), respectively.

In what follows, we will show that a suitably defined rectangular projection is alge-
braically equivalent to rotating some matrices, and clipping off or throwing away specific

columns from the output.

A.6.1 Disappearing Factors

Consider the case of disappearing factors, where there are originally r; factors and the [th
factors disappear, such that there are ry factors remaining post-break. First note that for
the case of the rotational test, there is perhaps little interest in testing whether G, has a
break in its (co)variance matrix, as the presence of disappearing factor(s) already implies
that a break must have occurred.

Instead, one may be interested in testing whether the remaining factor(s) which did not
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disappear have broken. This can be parameterized as

ANy =Ny Z7 + W, (A.25)

N><7‘2 N><r17"1><7"2 N><T‘2

where Z is a r; X 19 rectangular rotational matrix. The null hypothesis that the factor(s)

which did not disappear therefore corresponds to testing

Hy: Z =1, (A.26)

Hy:Z#1, (A.27)

where I_; is an identity matrix with the /th columns removed. Let Z* denote the general-
ized inverse of Z, which is equal to I, or the identity matrix with the Ith rows removed,

under the null hypothesis. This specification of Z allows us to state

Ho: Z"Spm)(Z7)" = Sk, (A.28)

Hy: Z7Sp)(Z7)" # Sk, (A.29)

where Z* removes the entries of Yp () related to the disappearing factors, and hence
accommodates the case of disappearing factors.

The typical Z-test procedure described constructs a Wald test on the outer product
of [FIT, ZF;]T, which is an estimate for G, and therefore a T' x r; vector. Due to the
disappearing factor, this formulation of the Z-test will reject.

It is tempting consider directly projecting the higher dimensional loadings onto the
lower (two) dimensional loadings, i.e. a “reverse” projection

~ SO S
7= (A;A2> AJA,. (A.30)

T2 XT1
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However, this approach does not work, because matrix projection is not symmetrical. In
particular, if W # 0, then ZT will be contaminated by W, leading to erroneous rejection of
the Z-test. Note that because W must be N x ro, the W-test can be run with a rectangular
projection in the “correct” direction, and proceeds as normal.

Instead, we can simply adjust the procedure of the typical Z-test slightly, by construct-
ing a Wald test on the outer product of [Z TR } T. To see how this works, first recall
that Fl and FQ are consistent for '} H; and F,H,, respectively, where H; and Hy are now
r1 X rp and 79 X 79 invertible matrices, respectively. The consistency of 7 as stated in
Proposition 1 still remains the same, and the consistency of its generalized inverse follows

by

Z5 H'ZH;T,

Zt B HI ZzvHTT

Hence, the existing results for the Z-test follow, allowing us to accommodate the case of
disappearing factors.
A.6.2 Emerging Factors

Next, we consider the case of emerging factors. This can be handled by the projection

decomposition via the following parameterization

A2:A12+W

N Xrg NxrqT1XT2 NXra

Similar to the disappearing case, there are two possible ways of thinking about changes in
the (co)variance matrix of the factors: whether the entire r; x r; matrix has broken (which

trivially must occur), or whether the pre-break factors specifically have broken. The latter
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case is perhaps of more practical interest, and are

Hy:Z=1", (A.31)
H :Z#17, (A.32)
which correspond to
Hoy:Spa) = Z8r@)Z ", (A.33)
Hi:Zpa) = Z8pp)Z " (A.34)

Note that in this parameterization, if the null hypothesis holds and there is still evidence
that the number of factors has increased, this means that this increase in the number of
factors is due to extra columns caused by W.

Fortunately, in the case where we wish to test whether the first r; factors have broken,
the rectangular projection “as is” already corresponds to the naive approach of projecting
the higher dimensional space onto the lower dimensional space.

In the case where we wish to test whether all ry factors have broken (which will trivially
reject), then the test can be constructed as a Wald test based on the outer product of
[Z +F1T , ﬁ2:| T, where we can use the generalized inverse of Z, following similar reasoning

to the disappearing case.

B Empirical

B.1 Data Description
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Table B.1: Data Description

Mnemonic Description Group Trans.

PCDGx Real personal consumption expenditures: Durable goods (Billions of ~ NIPA 5
Chained 2012 Dollars), deflated using PCE

PCESVx Real Personal Consumption Expenditures: Services (Billions of 2012  NIPA 5
Dollars), deflated using PCE

PCNDx Real Personal Consumption Expenditures: Nondurable Goods NIPA 5
(Billions of 2012 Dollars), deflated using PCE

Y033RC1Q027SBEAx Real Gross Private Domestic Investment: Fixed Investment: NIPA 5
Nonresidential: Equipment (Billions of Chained 2012 Dollars),
deflated using PCE

PNFIx Real private fixed investment: Nonresidential (Billions of Chained NIPA 5
2012 Dollars), deflated using PCE

PRFIx Real private fixed investment: Residential (Billions of Chained 2012  NIPA 5
Dollars), deflated using PCE

AO014RE1Q156NBEA Shares of gross domestic product: Gross private domestic NIPA 1
investment: Change in private inventories (Percent)

A823RL1Q225SBEA Real Government Consumption Expenditures and Gross Investment:  NIPA 1
Federal (Percent Change from Preceding Period)

FGRECPTx Real Federal Government Current Receipts (Billions of Chained NIPA 5
2012 Dollars), deflated using PCE

SLCEx Real government state and local consumption expenditures (Billions  NIPA 5
of Chained 2012 Dollars), deflated using PCE

EXPGSC1 Real Exports of Goods & Services, 3 Decimal (Billions of Chained NIPA 5
2012 Dollars)

IMPGSC1 Real Imports of Goods & Services, 3 Decimal (Billions of Chained NIPA 5
2012 Dollars)

IPDMAT Industrial Production: Durable Materials (Index 2012=100) Industrial Production 5

IPNMAT Industrial Production: Nondurable Materials (Index 2012=100) Industrial Production 5

IPDCONGD Industrial Production: Durable Consumer Goods (Index 2012=100) Industrial Production 5

IPB51110SQ Industrial Production: Durable Goods: Automotive products (Index  Industrial Production 5
2012=100)

IPNCONGD Industrial Production: Nondurable Consumer Goods (Index Industrial Production 5
2012=100)

IPBUSEQ Industrial Production: Business Equipment (Index 2012=100) Industrial Production 5

IPB51220SQ Industrial Production: Consumer energy products (Index 2012=100)  Industrial Production 5

TCU Capacity Utilization: Total Industry (Percent of Capacity) Industrial Production 1
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Table B.1: Data Description (continued)

Mnemonic Description Group Trans.

CUMFNS Capacity Utilization: Manufacturing (SIC) (Percent of Capacity) Industrial Production 1

DMANEMP All Employees: Durable goods (Thousands of Persons) Employment 5

USCONS All Employees: Construction (Thousands of Persons) Employment 5

USEHS All Employees: Education & Health Services (Thousands of Persons) Employment 5

USFIRE All Employees: Financial Activities (Thousands of Persons) Employment 5

USINFO All Employees: Information Services (Thousands of Persons) Employment 5

USPBS All Employees: Professional & Business Services (Thousands of Employment 5
Persons)

USLAH All Employees: Leisure & Hospitality (Thousands of Persons) Employment 5

USSERV All Employees: Other Services (Thousands of Persons) Employment 5

USMINE All Employees: Mining and logging (Thousands of Persons) Employment 5

USTPU All Employees: Trade, Transportation & Utilities (Thousands of Employment 5
Persons)

USTRADE All Employees: Retail Trade (Thousands of Persons) Employment 5

USWTRADE All Employees: Wholesale Trade (Thousands of Persons) Employment 5

CES9091000001 All Employees: Government: Federal (Thousands of Persons) Employment 5

CES9092000001 All Employees: Government: State Government (Thousands of Employment 5
Persons)

CES9093000001 All Employees: Government: Local Government (Thousands of Employment 5
Persons)

LNS14000012 Unemployment Rate - 16 to 19 years (Percent) Employment 2

LNS14000025 Unemployment Rate - 20 years and over, Men (Percent) Employment 2

LNS14000026 Unemployment Rate - 20 years and over, Women (Percent) Employment 2

UEMPLTS Number of Civilians Unemployed - Less Than 5 Weeks (Thousands Employment 5
of Persons)

UEMP5TO14 Number of Civilians Unemployed for 5 to 14 Weeks (Thousands of Employment 5
Persons)

UEMP15T26 Number of Civilians Unemployed for 15 to 26 Weeks (Thousands of Employment 5
Persons)

UEMP270V Number of Civilians Unemployed for 27 Weeks and Over Employment 5
(Thousands of Persons)

LNS13023621 Unemployment Level - Job Losers (Thousands of Persons) Employment 5

LNS13023557 Unemployment Level - Reentrants to Labor Force (Thousands of Employment 5

Persons)
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Table B.1: Data Description (continued)

Mnemonic Description Group Trans.

LNS13023705 Unemployment Level - Job Leavers (Thousands of Persons) Employment 5

LNS13023569 Unemployment Level - New Entrants (Thousands of Persons) Employment 5

LNS12032194 Employment Level - Part-Time for Economic Reasons, All Employment 5
Industries (Thousands of Persons)

AWHMAN Average Weekly Hours of Production and Nonsupervisory Employment 1
Employees: Manufacturing (Hours)

AWHNONAG Average Weekly Hours Of Production And Nonsupervisory Employment 2
Employees: Total private (Hours)

AWOTMAN Average Weekly Overtime Hours of Production and Nonsupervisory Employment 2
Employees: Manufacturing (Hours)

PERMIT New Private Housing Units Authorized by Building Permits Housing 5
(Thousands of Units)

HOUSTMW Housing Starts in Midwest Census Region (Thousands of Units) Housing 5

HOUSTNE Housing Starts in Northeast Census Region (Thousands of Units) Housing 5

HOUSTS Housing Starts in South Census Region (Thousands of Units) Housing 5

HOUSTW Housing Starts in West Census Region (Thousands of Units) Housing 5

RSAFSx Real Retail and Food Services Sales (Millions of Chained 2012 Inventories 5
Dollars), deflated by Core PCE

AMDMNOx Real Manufacturers’ New Orders: Durable Goods (Millions of 2012 Inventories 5
Dollars), deflated by Core PCE

ACOGNOx Real Value of Manufacturers’ New Orders for Consumer Goods Inventories 5
Industries (Million of 2012 Dollars), deflated by Core PCE

AMDMUOx Real Value of Manufacturers’ Unfilled Orders for Durable Goods Inventories 5
Industries (Million of 2012 Dollars), deflated by Core PCE

ANDENOx Real Value of Manufacturers’ New Orders for Capital Goods: Inventories 5
Nondefense Capital Goods Industries (Million of 2012 Dollars),
deflated by Core PCE

INVCQRMTSPL Real Manufacturing and Trade Inventories (Millions of 2012 Dollars)  Inventories 5

GPDICTPI Gross Private Domestic Investment: Chain-type Price Index (Index Prices 6
2009=100)

IPDBS Business Sector: Implicit Price Deflator (Index 2009=100) Prices 6

DMOTRG3QO086SBEA  Personal consumption expenditures: Durable goods: Motor vehicles Prices 6
and parts (chain-type price index)

DFDHRG3QO086SBEA Personal consumption expenditures: Durable goods: Furnishings Prices 6

and durable household equipment (chain-type price index)
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Table B.1: Data Description (continued)

Mnemonic Description Group Trans.

DREQRG3Q086SBEA Personal consumption expenditures: Durable goods: Recreational Prices 6
goods and vehicles (chain-type price index)

DODGRG3QO086SBEA  Personal consumption expenditures: Durable goods: Other durable Prices 6
goods (chain-type price index)

DFXARG3Q086SBEA Personal consumption expenditures: Nondurable goods: Food and Prices 6
beverages purchased for off-premises consumption (chain-type price
index)

DCLORG3Q086SBEA Personal consumption expenditures: Nondurable goods: Clothing Prices 6
and footwear (chain-type price index)

DGOERG3QO086SBEA  Personal consumption expenditures: Nondurable goods: Gasoline Prices 6
and other energy goods (chain-type price index)

DONGRG3QO086SBEA  Personal consumption expenditures: Nondurable goods: Other Prices 6
nondurable goods (chain-type price index)

DHUTRG3QO086SBEA  Personal consumption expenditures: Services: Housing and utilities Prices 6
(chain-type price index)

DHLCRG3Q086SBEA Personal consumption expenditures: Services: Health care Prices 6
(chain-type price index)

DTRSRG3Q086SBEA Personal consumption expenditures: Transportation services Prices 6
(chain-type price index)

DRCARG3QO086SBEA Personal consumption expenditures: Recreation services (chain-type  Prices 6
price index)

DFSARG3Q086SBEA Personal consumption expenditures: Services: Food services and Prices 6
accommodations (chain-type price index)

DIFSRG3Q086SBEA Personal consumption expenditures: Financial services and Prices 6
insurance (chain-type price index)

DOTSRG3Q086SBEA Personal consumption expenditures: Other services (chain-type Prices 6
price index)

WPSFD49502 Producer Price Index by Commodity for Finished Consumer Goods Prices 6
(Index 1982=100)

WPSFD4111 Producer Price Index by Commodity for Finished Consumer Foods Prices 6
(Index 1982=100)

PPIIDC Producer Price Index by Commodity Industrial Commodities (Index  Prices 6
1982=100)

WPSID61 Producer Price Index by Commodity Intermediate Materials: Prices 6

Supplies & Components (Index 1982=100)
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Table B.1: Data Description (continued)

Mnemonic Description Group Trans.

WPU0531 Producer Price Index by Commodity for Fuels and Related Prices 5
Products and Power: Natural Gas (Index 1982=100)

WPU0561 Producer Price Index by Commodity for Fuels and Related Prices 5
Products and Power: Crude Petroleum (Domestic Production)
(Index 1982=100)

COMPRMS Manufacturing Sector: Real Compensation Per Hour (Index Earnings 5
2009=100)

COMPRNFB Nonfarm Business Sector: Real Compensation Per Hour (Index Earnings 5
2009=100)

RCPHBS Business Sector: Real Compensation Per Hour (Index 2009=100) Earnings 5

OPHMFG Manufacturing Sector: Real Output Per Hour of All Persons (Index Earnings 5
2009=100)

OPHNFB Nonfarm Business Sector: Real Output Per Hour of All Persons Earnings 5
(Index 2009=100)

ULCMFG Manufacturing Sector: Unit Labor Cost (Index 2009=100) Earnings 5

ULCNFB Nonfarm Business Sector: Unit Labor Cost (Index 2009=100) Earnings 5

UNLPNBS Nonfarm Business Sector: Unit Nonlabor Payments (Index Earnings 5
2009=100)

FEDFUNDS Effective Federal Funds Rate (Percent) Interest Rates 2

TB3MS 3-Month Treasury Bill: Secondary Market Rate (Percent) Interest Rates 2

BAA10OYM Moody’s Seasoned Baa Corporate Bond Yield Relative to Yield on Interest Rates 1
10-Year Treasury Constant Maturity (Percent)

MORTG10YRx 30-Year Conventional Mortgage Rate Relative to 10-Year Treasury Interest Rates 1
Constant Maturity (Percent)

TB6M3Mx 6-Month Treasury Bill Minus 3-Month Treasury Bill, secondary Interest Rates 1
market (Percent)

GS1TB3Mx 1-Year Treasury Constant Maturity Minus 3-Month Treasury Bill, Interest Rates 1
secondary market (Percent)

GS10TB3Mx 10-Year Treasury Constant Maturity Minus 3-Month Treasury Bill, Interest Rates 1
secondary market (Percent)

CPF3MTB3Mx 3-Month Commercial Paper Minus 3-Month Treasury Bill, Interest Rates 1
secondary market (Percent)

BUSLOANSx Real Commercial and Industrial Loans, All Commercial Banks Money 5

(Billions of 2009 U.S. Dollars), deflated by Core PCE
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Table B.1: Data Description (continued)

Mnemonic Description Group Trans.

CONSUMERx Real Consumer Loans at All Commercial Banks (Billions of 2009 Money 5
U.S. Dollars), deflated by Core PCE

NONREVSLx Total Real Nonrevolving Credit Owned and Securitized, Money 5
Outstanding (Billions of Dollars), deflated by Core PCE

REALLNx Real Real Estate Loans, All Commercial Banks (Billions of 2009 Money 5
U.S. Dollars), deflated by Core PCE

REVOLSLx Total Real Revolving Credit Owned and Securitized, Outstanding Money 5
(Billions of 2012 Dollars), deflated by Core PCE

DRIWCIL FRB Senior Loans Officer Opions. Net Percentage of Domestic Money 1
Respondents Reporting Increased Willingness to Make Consumer
Installment Loans

TLBSHNOx Real Total Liabilities of Households and Nonprofit Organizations Household Balance 5
(Billions of 2012 Dollars), deflated by Core PCE

TNWBSHNOx Real Net Worth of Households and Nonprofit Organizations Household Balance 5
(Billions of 2012 Dollars), deflated by Core PCE

TARESAx Real Assets of Households and Nonprofit Organizations excluding Household Balance 5
Real Estate Assets (Billions of 2012 Dollars), deflated by Core PCE

HNOREMQO027Sx Real Real Estate Assets of Households and Nonprofit Organizations Household Balance 5
(Billions of 2012 Dollars), deflated by Core PCE

TFAABSHNOx Real Total Financial Assets of Households and Nonprofit Household Balance 5
Organizations (Billions of 2012 Dollars), deflated by Core PCE

VXOCLSx CBOE S&P 100 Volatility Index: VXO Stock Markets 1

USSTHPI All-Transactions House Price Index for the United States (Index Housing 5
1980 Q1=100)

SPCS10RSA S&P /Case-Shiller 10-City Composite Home Price Index (Index Housing 5
January 2000 = 100)

SPCS20RSA S&P /Case-Shiller 20-City Composite Home Price Index (Index Housing 5
January 2000 = 100)

TWEXAFEGSMTHx Trade Weighted U.S. Dollar Index: Major Currencies (Index March Exchange Rates 5
1973=100)

EXUSEU U.S. / Euro Foreign Exchange Rate (U.S. Dollars to One Euro) Exchange Rates 5

EXSZUSx Switzerland / U.S. Foreign Exchange Rate Exchange Rates 5

EXJPUSx Japan / U.S. Foreign Exchange Rate Exchange Rates 5

EXUSUKx U.S. / U.K. Foreign Exchange Rate Exchange Rates 5

EXCAUSx Canada / U.S. Foreign Exchange Rate Exchange Rates 5
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Table B.1: Data Description (continued)

Mnemonic Description Group Trans.
UMCSENTx University of Michigan: Consumer Sentiment (Index 1st Quarter Other 1
1966=100)
USEPUINDXM Economic Policy Uncertainty Index for United States Other 2
Note:

Transformation codes correspond to: (1) no transformation; (2) Aze; (3) A2x¢; (4) log(ze); (5) Alog(ze); (6) Alog(wzt); (7)

Az¢/zi—1 — 1.0)
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B.2 R? Variance Decomposition Exercise

We present the details for how to calculate the R? figures in Section 5.3. Equation (8) can

be used to decompose the common component in the second regime )/(\2 as follows:
~ . AT
X, = By (AIZ> +RWT. (B.1)

which allows us to study the effect of the change in the factor loadings where we set W = 0
to yield

_ . . AT
XQ’W:() - F2 <A12) . (B2>
Combined with )/(\1 =F 11~\1T, estimates of the common components with W = 0 restric-

tion follow as

XW:() = Py . (BS)

For a given estimate of X , restricted or otherwise, the corresponding R? is calculated as

Zﬁ\; (Xi — Xi)2

R*=1-— N
Do X7

(B.4)

The intuition is as follows. If breaks in the factor loading are important for understanding
variation in particular variables, this induces a large discrepancy between the restricted and
unrestricted R?. Note that in some cases, this metric can be negative if Zfil()/(\z - X;)? >
Zf\il X?, i.e. the fit is so poor that the residual variation is larger than the variation in

the data itself.

B.3 Robustness Checks
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R? Decomposition by Group, faceted by Number of Factors
Great Moderation (1984 Q1), 1959 Q3 — 2008 Q3 Great Recession (2008 Q3), 1984 Q2 - 2019 Q4 Sample
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Figure 1: R? Statistics for unrestricted and restricted common component (W = 0) for

Great Moderation Subsample, and Global Financial Crisis Subsample, for r = 2 to 6
factors.
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B.4 Trace Statistics

We detail the of how to estimate the quantities tr (H(LEFHOJ) and tr (HOTJZZFZTHOJ).

Similar to the case of the factors themselves, cannot estimate > directly and can only
estimate H(I 12 rHy; which is an r dimensional identity matrix due to the normalization
effect of Hy ;. This follows from the fact that we estimate f 1t which is an estimate of H 1T fit,
and hence %F;l}l = ﬁ Ztti‘l” fifi, = I,. Hence, tr (%F;lﬁ) = tr ([,) is an estimate
of tr (Hy SpHoy).

Similarly, we cannot estimate ZXyZ " directly, and only up to a normalization basis.
By Lemma 3 (a), FyZ7 is an estimate of F5ZT H;, and hence —ZFTFgZ = 777 is an
estimate of =— L 7] Zt |nT41] Hy\Zfif," ZT Hoy which converges to ZXpZ'. Therefore,

tr (ZZT> is an estimate of ¢r (H(LZEFZ Ho,1)-

References

Bai, J. (2003). Inferential Theory for Factor Models of Large Dimensions. Econometrica,

71(1):135-171.

Baltagi, B. H., Kao, C., and Wang, F. (2017). Identification and estimation of a large

factor model with structural instability. Journal of Econometrics, 197(1):87-100.

Han, X. (2015). Tests for overidentifying restrictions in Factor-Augmented VAR models.

Journal of Econometrics, 184(2):394-419.

Han, X. and Inoue, A. (2015). Tests for Parameter Instability in Dynamic Factor Models.

Econometric Theory, 31(5):1117-1152.

Newey, W. K. and West, K. D. (1987). A Simple, Positive Semi-Definite, Heteroskedasticity

and Autocorrelation Consistent Covariance Matrix. Econometrica, 55(3):703-708.

77



	Asymptotic Proofs
	Preliminary
	Consistency Proofs
	Z-test Proofs
	W-test Proofs
	Estimated Break Fraction
	Changing Number of Factors
	Disappearing Factors
	Emerging Factors


	Empirical
	Data Description
	R2 Variance Decomposition Exercise
	Robustness Checks
	Trace Statistics


